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ABSTRACT 


The  objective  of  this  investigation  was  to  derive,  with  the 
use  of  a  digital  computer,  a  rational  solution  to  the  shear  strength  of 
reinforced  concrete  beams.  The  theory  assumed  a  shear  compression  type 
of  behavior  and  attempts  to  predict  the  ultimate  load  by  analyzing  the 
complete  cracked  structure  in  the  shear  span.  The  effects  of  the  shear 
carried  by  the  longitudinal  reinforcement,  the  shear  transmitted  across 
the  crack  through  aggregate  interlock  and  the  effect  of  sections  warping 
after  cracking  have  been  considered. 

The  results  of  the  analysis  were  compared  to  the  observed  that 
values  for  10  beams  with  reasonable  success.  To  aid  future  investigators, 
a  discussion  of  the  various  factors  and  recommendations  are  included  in 
this  report . 
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CHAPTER  I 


INTRODUCTION 


1 . 1  GENERAL 

This  thesis  is  the  result  of  an  attempt  to  obtain  a  rational 
solution  to  the  problem  of  the  shear  strength  of  reinforced  concrete  beams. 
Presently  the  methods  of  analysis  and  design  found  in  building  codes  are 
empirical  or  semi-empirical  and  are  not  based  on  the  observed  behavior  of 
the  member  as  it  fails  in  shear.  Because  of  the  many  variables  involved, 
the  rational  solution  to  this  type  of  behavior  will  be  extremely  complex. 
However,  when  the  behavior  and  the  mechanism  of  failure  are  fully  defined, 
the  more  important  parameters  may  be  incorporated  into  simplified  design 
relationships . 

1.2  OBJECT  AND  SCOPE 

This  thesis  represents  the  second  in  a  series  of  studies  being 
carried  out  at  the  University  of  Alberta.  The  object  of  this  investiga¬ 
tion  is  to  attempt  to  predict  the  inclined  cracking  and  ultimate  loads  of 
reinforced  concrete  beams  failing  due  to  combined  bending  and  shear  by 
examining  the  mechanism  of  the  crack  structure  in  the  shear  span. 

In  order  to  accomplish  this  end  many  assumptions  were  made 
regarding  material  properties,  beam  behavior  and  stress  distributions. 

These  assumptions  are  elaborated  upon  in  CHAPTERS  3  and  4. 

The  analysis  presented  in  this  thesis  is  an  attempt  to  base  the 
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2. 


shear  strength  of  beams  on  a  shear  compression  type  of  failure.  In  such 
a  failure  the  behavior  in  flexure  is  extremely  important  while  the  shear 
stresses  are  important  because  they  modify  the  stresses  at  the  head  of  a 
flexural  crack  and  the  direction  of  such  a  crack. 

This  analysis  is  an  attempt  to  go  one  step  beyond  the  tooth 
theories  of  Moe  (1962)  and  Kani  (1964)  by  considering  the  cracked  structure 
in  its  entirety  rather  than  considering  only  one  tooth  in  the  structure. 

In  order  to  accomplish  this,  extensive  use  was  made  of  the  University  of 
Alberta's  digital  computing  facilities.  The  effects  of  sections  not  re¬ 
maining  plane  after  cracking,  shear  force  carried  by  the  longitudinal 
reinforcement  and  shear  forces  transmitted  by  aggregate  interlock  and 
friction  have  been  included  in  the  analysis.  The  analysis  was  compared 
to  the  test  results  from  10  beams,  which  failed  in  diagonal  tension,  with 
reasonable  success. 

A  brief  literature  survey  is  presented  in  CHAPTER  2.  The  as¬ 
sumptions  necessary  to  define  the  material  properties  are  presented  and 
discussed  in  CHAPTER  3.  The  major  step  in  the  analysis  of  inclined  crack¬ 
ing  are  presented  in  CHAPTER  4  along  with  the  assumptions  implicit  in 
their  derivation.  The  analysis  is  compared  to  test  results  in  CHAPTER  5 
and  the  variables  affecting  inclined  cracking  are  briefly  discussed  in 
CHAPTER  6.  Conclusions  are  drawn  and  recommendations  made  for  future  in¬ 
vestigations  in  CHAPTER  7. 

1.3  SYMBOLS 


Most  of  the  symbols  are  defined  where  they  are  first  introduced. 
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They  are  collected  here  for  ready  reference. 


A 


a 

B 

b 

C 


C 


V 
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AH 


AT 


AV 


Ax 

E  . 
ci 


-  an  empirical  constant  in  EQUATION  2.2. 

-  in  the  remainder  of  the  thesis,  the  depth  of  the  compression 
zone  in  the  beam. 

-  the  length  of  the  shear  span 

-  a  crack  spacing  factor  in  EQUATION  2.2 

-  an  empirical  constant  in  EQUATION  2.2 

-  the  width  of  the  concrete  beams 

-  the  distance  from  the  tension  face  of  the  beam  to  the 
centroid  of  the  reinforcement 

-  empirical  constants  in  EQUATION  2.1 

-  the  total  compressive  force  at  section  k 

-  the  distance  from  the  compression  face  of  the  beam  to  the 
centroid  of  the  reinforcement 

-  the  total  horizontal  deflection  of  a  tooth  at  the  level  of 
the  reinforcement 

-  the  horizontal  deflection  due  to  the  shear  transfer  forces, 
at  the  level  of  the  reinforcement 

-  the  horizontal  force  on  a  tooth  due  to  a  difference  in 
tension  in  the  longitudinal  reinforcement 

-  the  total  vertical  deflection  of  a  tooth  at  the  level  of 
the  reinforcement 

-  the  crack  spacing 

-  the  initial  tangent  modulus  of  elasticity  of  concrete 
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E  -  the  modulus  of  elasticity  of  the  reinforcement 

s 

e  -  the  strain  at  any  point  on  the  beam  cross-section 

e  -  the  yield  strain  of  the  reinforcement 

y 

€  -  the  steel  strain  at  a  given  load 

s 

e  -  the  strain  in  the  concrete,  adjacent  to  the  reinforcing 

c  s 

e  , e  -  as  shown  in  FIGURE  3.1 
u  o 

£  ,  £  , £  -  as  shown  in  FIGURE  3.2 

tl,  to  tu 

e  .  -  the  strain  in  the  reinforcing  assuming  F  equals  unity 

s  1 

£  .  -  the  additional  strain  in  the  steel  due  to  bending  of  the  teeth 

s  2 

f  -  the  compressive  stress  in  the  concrete  at  some  point  of  the 

cross-section 

f^  -  the  compressive  strength  of  a  6"  x  12"  concrete  cylinder  at 

28  days 

f  -  the  stress  in  the  reinforcement 

s 

f  -  the  yield  stress  of  the  reinforcement 

y 

f^  -  the  ultimate  tensile  strength  of  the  concrete  as  obtained 

from  the  split  cylinder  test 
-  in  EQUATION  2.4,  the  modulus  of  rupture 
f  -  the  reduced  stress  at  which  cracking  occurs,  calculated  as 

described  in  SECTION  4. 10 
f t i  -  as  shown  in  FIGURE  3.3 

F  -  a  steel  strain  compatibility  factor  calculated  as  described 


in  SECTION  4.8 
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-  a  cover  coefficient  in  EQUATION  2.2 

-  the  total  depth  of  the  concrete  beam 

-  the  moment  of  inertia  of  the  concrete  beam  considering  an 
uncracked  section 

-  the  moment  of  inertia  of  a  reinforcing  bar 

-  ratio  of  distance  between  centroid  of  compression  and  centroid 
of  tension  to  depth,  d 

-  a  factor  relating  the  tensile  strength  of  concrete  to  ✓*r. 
see  EQUATION  2.2 

-  0.85  in  this  thesis 

-  see  EQUATION  4.3 

-  a  subscript  referring  to  a  given  section 

-  the  stiffness  of  a  tooth 

-see  EQUATION  4.3 

-  the  effective  length  of  reinforcing  joining  two  adjacent  teeth 

-  the  bending  moment  on  a  given  section 

-  a  subscript  referring  to  a  given  section 

-  the  bending  moment  in  the  longitudinal  reinforcing 

-  the  concentrated  load  on  the  beam 

-  the  observed  inclined  cracking  load 

-  the  inclined  cracking  load  predicted  using  the  A.C.I. 

Committee  326  Equation 

-  the  observed  ultimate  load  of  the  beam 
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-  the  ultimate  load  of  the  beam  as  predicted  in  this  analysis 

-  the  percentage  of  longitudinal  reinforcement  in  a  given  beam 

-  the  angle  at  which  a  crack  propagates,  measured  from  a  vertical 
axis 

-  the  first  moment  of  area  about  the  neutral  axis 

-  a  foundation  modulus,  see  EQUATION  4.3 

-  the  end  reaction  on  a  given  beam 

-  the  height  of  a  crack  in  the  shear  span  in  EQUATION  2.4 

-  the  predicted  crack  height  in  the  region  of  shear  and  flexure 
or  pure  flexure 

-  the  tension  in  the  reinforcing  at  a  given  section 

-  the  tooth  stress  on  the  critical  element  as  shown  in  FIGURES 
4. 1  and  4.9 

-  the  total  shear  on  a  given  section 

-  the  shear  force  carried  by  the  concrete 

-  the  shear  force  carried  by  the  longitudinal  reinforcing 

-  the  maximum  allowable  shear  stress  in  the  concrete  before 
inclined  cracking 

-  the  maximum  calculated  shear  stress  on  a  cracked  section 

-  the  calculated  shear  stress  at  the  head  of  the  crack 

-  a  crack  spacing  factor,  see  TABLE  6.1 

-  the  depth  of  the  beam  in  which  the  concrete  resists  load  in 
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CHAPTER  II 


REVIEW  OF  PREVIOUS  WORK 

2.1  INTRODUCTION 

This  chapter  will  be  a  brief  review  of  previous  inclined  crack¬ 
ing  theories  for  reinforced  concrete  beams.  For  a  more  complete  review 
the  reader  is  referred  to  a  previous  investigation  done  at  the  University 
of  Alberta  by  Morrison  (1965)  . 

2.2  PREVIOUS  THEORIES  AND  INVESTIGATIONS 

In  the  past  the  problem  of  shear  in  reinforced  concrete  beams 
has  been  dealt  with  using  three  main  approaches.  The  first  and  earliest 
approach  was  to  consider  the  failure  as  being  due  to  the  horizontal  shear 
force  as  expressed  by  the  formula  v^  =  VQ/Ib.  This  approach  was  abandoned 
about  1910  and  was  replaced  by  considering  failure  to  result  from  maximum 
principal  tensile  stresses  computed  in  the  cracked  or  uncracked  beam.  The 
majority  of  later  theories  and  design  formulae  are  based  on  this  type  of 
reasoning.  In  recent  years  the  tooth  failure  theories  of  Kani  (1964)  and 
Moe  (1962)  have  been  presented.  These  theories  idealize  cracking  as  the 
breaking  off  of  a  "tooth"  between  two  flexural  cracks  in  the  shear  span. 

The  classical  shear  equation  as  found  in  the  1956  A.C.I.  Build¬ 
ing  Code  used  the  nominal  shear  stress  v =  V/bjd  as  a  measure  of  the 
diagonal  tension.  This  equation,  however,  does  not  take  into  account  the 
effect  of  moment  on  the  shearing  resistance  of  beams.  Work  by  Clark  (1951) 
and  Moody  (1954)  showed  that  the  shear  strength  of  concrete  beams  was 
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equal  to  some  function  of  the  shear  span  or  the  ratio  of  moment  to  shear. 
This  work  led  to  the  A.C.I.  -  A.S.C.E.  Committee  326  Equation  for  the 
nominal  concrete  stress: 

vc  =  ci  +  C2  Vpd/M  /fj"  (2.1) 

where  and  were  constants  which  were  evaluated  empirically  as  1.9 
and  2500  respectively. 

Van  den  Berg  (1962)  derived  a  test  procedure  whereby  he  could 
vary  the  moment  and  the  shear  independently  of  one  another.  Using  his 
results  he  was  able  to  derive  an  expression  for  the  diagonal  cracking 
load  that  was  a  function  of  the  shear  force  and  bending  moment  on  a  given 
section.  Van  den  Berg  also  suggested  that  there  was  a  shear  force  trans¬ 
ferred  across  the  crack  and  concluded  that  the  parabolic  shear  distri¬ 
bution  was  undisturbed  by  the  formation  of  flexural  cracks. 

Krahl  (1963)  developed  an  analytical  procedure  for  predicting 
the  failure  load  for  a  concrete  beam  failing  by  inclined  cracking.  The 
procedure  developed  by  Krahl  defined  an  inclined  crack  for  a  given  set 
of  beam  properties,  load  patterns  and  an  assumed  shear  stress  distribution. 
In  his  calculations  a  crack  height  was  assumed  and  the  load  required  to 
cause  that  crack  height  was  calculated.  The  procedute  was  then  repeated 
for  slightly  larger  crack  heights  until  at  some  crack  height  the  load  re¬ 
quired  to  cause  the  crack  was  less  than  the  previous  load.  Failure  was 
assumed  to  occur  when  this  condition  occurred.  This  method  of  analysis 
is  limited,  however,  since  the  cracked  structure  is  not  analyzed  in  its 
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entirety. 

Moe  (1962),  by  considering  the  concrete  elements  or  teeth 
between  cracks  to  be  cantilevers  anchored  in  the  compression  zone  of  the 
beam,  loaded  with  forces  in  the  tensile  reinforcement  as  well  as  shear 
stresses  transferred  across  the  inclined  cracks,  was  able  to  derive 
equations  for  the  shear  stress  in  the  concrete  at  failure.  The  transfer 
shear  stresses  were  made  up  of  two  parts,  those  due  to  dowel  action  of 
the  longitudinal  reinforcement  and  those  due  to  aggregate  interlock.  The 
transfer  stresses  were  assumed  to  be  a  function  of  the  crack  width  and  as 
such  were  a  function  of  the  stress  in  the  longitudinal  steel  and  the  bond 
properties  of  the  longitudinal  steel.  Moe 1 s  final  equation  was  given  as: 


v 

c 


4  y(l  -  A))  K 


(2.2) 


where  K  =  the  tensile  strength  of  the  concrete 

&<  d  =  the  spacing  of  the  cracks 

^d  =  the  dis  tance  from  the  centroid  of  the  longitudinal 
reinforcing  to  the  neutral  axis. 

A  and  B  are  constants  and  v,  j  and  f  have  their  normal  meanings 

s 

If  the  following  values  are  assumed  K  =  5.0,  ex'  =0.3,  ^=0.6 

j  =  7/8,  A  =  0.808  and  B  =  2850  then  EQUATION  2.2  becomes 
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which  is  identical  to  an  equation  derived  by  the  A.C.I.  -  A.S.C.E.  Com¬ 
mittee  326  and  can  be  rearranged  to  give  EQUATION  2.1. 

Kani  (1964)  proposed  a  tooth  theory  to  predict  the  shear  strength 
of  reinforced  concrete  beams.  Kani,  like  Moe,  only  considered  one  tooth 
in  his  mechanism.  Kani  further  simplified  his  expressions  by  neglecting 
any  doweling  shears  or  concrete  shears  which  might  be  transferred  across 
the  crack.  By  considering  a  crack  height  and  only  a  horizontal  force  due 
to  the  longitudinal  steel  stress  he  was  able  to  derive  EQUATION  2.4  for 
the  critical  moment. 
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cr 
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(2.4) 


where  f^  is  the  modulus  of  rupture  of  the  concrete;  Ax  is  the  crack 
spacing;  s  is  the  crack  height;  a  is  the  shear  span;  and  b  and  d  are 
the  dimensions  of  the  cross-section.  The  term  Ax/s  was  to  be  determined 
from  tests  but  as  yet  this  has  not  been  published. 

The  tooth  analysis  of  Kani  and  Moe  are  only  applicable  in  the 
range  of  shear  span  to  depth  ratios,  a/d,  greater  than  about  2.5. 

2.3  CONCLUSIONS 

Past  work  has  suggested  some  of  the  factors  that  are  involved 
in  the  development  of  inclined  cracks  in  reinforced  concrete  beams.  The 
more  significant  factors  seem  to  be:  the  concrete  strength,  the  percentage 
of  longitudinal  reinforcement,  the  bond  characteristics  of  the  reinforcing, 
the  shear  span  to  depth  ratio,  the  crack  spacing,  the  shear  force  and 
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bending  moment  acting  on  a  given  section,  the  shear  transferred  across 
a  crack  by  particle  interlock  or  by  dowel  action  and  the  flexural  ca¬ 
pacity  of  the  member . 

From  the  number  of  variables  involved  it  can  be  seen  that  the 
problem  is  extremely  complex  and  there  will  probably  not  be  any  simple 
solution  to  it.  So  far,  all  solutions  have  been  of  an  empirical  or  semi- 
empirical  nature. 
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CHAPTER  III 


MATERIAL  PROPERTIES 

3.1  INTRODUCTION 

The  properties  of  steel  and  concrete  presented  in  this  chapter 
have  been  derived  empirically  from  a  survey  of  tests  reported  in  the  engi¬ 
neering  literature. 

The  properties  themselves,  while  they  directly  influence  the 
results  of  the  analysis,  can  be  changed  for  future  applications  of  the 
analysis . 

3.2  CONCRETE 

Concrete  was  assumed  to  be  an  elasto-plastic  material.  For 
this  thesis  the  specific  effects  of  creep,  shrinkage  and  composition 
were  ignored.  The  following  sections  in  this  chapter  will  deal  with 
mathematical  expressions  for  the  stress -strain  curves  in  compression 
and  tension. 

3.2.1  CONCRETE  STRESS -STRAIN  PROPERTIES  IN  COMPRESSION 

The  strength  which  concrete  exhibits  in  compression  is  usually 
taken  as  a  fraction  of  the  28  day  compressive  strength  of  a  6  inch  by 
12  inch  cylinder,  because  the  conditions  of  stress,  restraint,  casting 
and  curing  are  different  for  concrete  in  a  beam  and  that  in  a  control 
cylinder.  In  this  thesis  the  strength  of  the  concrete  in  the  structure 
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is  expressed  as  k„f'  where  k0  is  taken  as  0.85.  This  value  is  well  docu- 

3  c  3 

mented  in  tests  by  Hognestad  (1951)  and  Hognestad,  Hanson,  McHenry  (1955). 
In  these  same  tests  the  value  of  ultimate  strain  in  compression  was  found 
to  range  from  about  0.0030  to  0.0045  depending  on  a  number  of  variables. 

The  ultimate  compressive  strain  of  0.0038  used  by  Hognestad  (1951)  has 
been  adopted  in  this  thesis. 

The  general  shape  of  the  stress -strain  curve  in  compression  is 
shown  in  FIGURE  3.1.  It  can  be  described  as  a  second-degree  parabolic 
curve  to  a  maximum  stress  and  a  horizontal  line  at  the  maximum  stress 
until  a  maximum  strain  is  reached.  The  parabolic  portion  is  mathematically 
expressed  as: 


f  =  k.f '  (2  —  -  (— )2)  (3.1) 

C  J  C  £  € 

O  O 


2k3fc 

where  e  =  — - 

o  E  . 

ci 


The  initial  tangent  modulus  is  based  on  work  by  Pauw  (1960) 
and  is  given  by  EQUATION  3.2.  It  corresponds  closely  to  the  expression 
in  the  1963  A.C.I.  Building  Code. 


E  .  =  60,000  ffT  (3.2) 

ci  ’  c 


The  portion  of  the  curve  between  e  and  e  was  considered 

o  u 


horizontal  for  ease  in  programming  the  computer.  This  stress -strain  curve 
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FIGURE  3.1  STRESS  -  STRAIN  CURVE 
FOR  CONCRETE  IN  COMPRESSION 
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was  first  used  by  Manuel  (1966) . 

3,2.2  CONCRETE  STRESS -STRAIN'  PROPERTIES  INTENSION 

The  strength  of  concrete  in  tension  is  a  function  of  the  type 
of  test,  and  the  assumptions  made  in  analyzing  that  test.  The  three  most 
common  ways  of  testing  the  tensile  strength  are:  the  direct  tension  test, 
the  split  cylinder  test  and  the  modulus  of  rupture  test. 

The  direct  tension  test  is  very  sensitive  to  stress  concentrations 
and  accidental  eccentricities  in  the  test  apparatus  and  as  a  result  is 
used  very  little  in  actual  practice.  The  split  cylinder  test  and  the 
modulus  of  rupture  test  are  the  most  convenient  to  run  and  are  less  sus¬ 
ceptible  to  errors.  However,  the  assumption  of  a  linear  stress-strain 
relationship  for  concrete  leads  to  errors  in  computing  the  tensile  strength 
from  the  modulus  of  rupture  test.  Narrow  (1963)  showed  that  there  is  a 
definite  relationship  between  the  split  cylinder  test  and  the  flexural  or 
modulus  of  rupture  test.  This  was  substantiated  by  other  investigators  in¬ 
cluding  Oladapo  (1964)  and  Wright  (1955).  A  relationship  between  the 
direct  tensile  strength  and  the  modulus  of  rupture  was  also  shown  as 
early  as  1928  by  Gonnermann  and  Shuman  and  later  by  Price  (1951) . 

For  this  thesis,  the  tensile  strength  is  based  on  the  split 
cylinder  test  for  a  number  of  reasons.  The  split  cylinder  test  seems  to 
give  results  between  those  from  the  direct  tension  test  and  the  flexural 
test,  thus  it  could  be  regarded  as  an  average  value.  More  important,  the 
stress  conditions  in  the  split  cylinder  test  with  compression  and  tension 
on  perpendicular  planes  more  closely  approximate  the  actual  stress  con- 
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ditions  in  a  beam  at  inclined  cracking. 

Neville  (1963)  reports  the  value  of  the  modulus  of  rupture  as 

5-5  K  a  value  which  is  credited  to  the  European  Concrete  Committee. 

This  expression  is  in  good  agreement  with  the  expression  f^  =  3000/(4  +  ^^000) 

c 

derived  by  Sozen,  Zwoyer  and  Siess  (1959).  Wright  (1955)  stated  that  the 
split  cylinder  strength  was  two-thirds  of  the  flexural  strength  and  later 
work  by  Oladapo  (1964)  showed  that  the  ratio  varied  from  two-thirds  to 
three  quarters  of  the  flexural  strength.  In  this  thesis  the  tensile 
strength  has  been  taken  as  7  which  is  approximately  three-quarters  of 

the  value  of  9.5  assumed  for  the  modulus  of  rupture. 

The  ultimate  tensile  strains  reported  in  the  literature  ranged 
from  a  low  of  67  micro  inches  per  inch  (Oladapo,  1964)  to  a  high  200 
micro  inches  per  inch  (Neville,  1963) .  Linder  and  Sprague  (1955)  found 
that  the  limiting  strain  was  a  function  of  the  beam  size.  Kaplan  (1963) 
found  that  the  volume  of  coarse  aggregate  also  had  an  effect  on  the 
limiting  strain  of  concrete  in  tension.  The  value  of  the  limiting  tensile 
strain  was  taken  as  150  micro  inches  per  inch  for  the  purposes  of  this 
thesis.  This  value  tended  to  be  on  the  upper  side  of  observed  cracking 
strains  from  tests  reviewed  in  the  literature. 

The  shape  of  the  stress -strain  curve  was  chosen  to  be  linear 
initially  and  parabolic  for  the  later  stages  of  loading.  This  type  of 
curve  is  shown  in  FIGURE  3.2  and  is  similar  to  a  stress -strain  curve  pro¬ 
posed  by  Linder  and  Spraque  (1955).  Mathematically  the  curve  may  be  ex¬ 


pressed  as  follows: 
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FIGURE  3.2  STRESS  -  STRAIN  CURVE 
FOR  CONCRETE  IN  TENSION 
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where  e  =  150  micro  inches  per  inch 
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The  value  of  the  initial  tangent  modulus  of  elasticity  of  concrete 
in  tension  was  assumed  to  be  the  same  as  in  compression  as  given  by  EQUATION 
3.2.  This  particular  tensile  stress  strain  curve  was  chosen  so  that  the 
cracking  moment  for  an  unreinforced  concrete  beam  corresponded  to  the 
modulus  of  rupture  for  the  concrete  in  the  beam.  In  addition  the  shift 
in  the  neutral  axis  at  cracking  corresponded  approximately  with  the  shift 
measured  in  tests  by  Linder  and  Spraque  (1955). 

3.3  FAILURE  THEORY  FOR  CONCRETE 

Concrete  is  assumed  to  fail  in  tension  when  the  principal 
tensile  stress  exceeds  the  tensile  strength  assumed  for  concrete.  A 
limiting  compression  strain  was  used  to  define  a  compression  failure. 

The  principal  stresses  were  calculated  using  a  Mohr's  circle.  No  attempt 
has  been  made  to  base  the  theory  on  a  maximum  shear  stress  critieria,  a 


maximum  strain  criteria  or  a  Mohr  Rupture  Line  criteria. 
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3.4  REINFORCING  STEEL 

The  stress -strain  curve  for  the  reinforcing  steel  has  been 

assumed  to  represent  an  elasto-p lastic  material  as  shown  in  FIGURE  3.3. 

The  values  of  E  and  f  have  been  taken  from  the  results  of 

s  y 

tests  of  actual  bars  reported  with  the  beam  data  in  the  literature. 

Where  such  information  was  not  available  E  was  assumed  to  be  30  x  10 

s 

psi  and  f  =  40,000  psi. 

3.5  CONCLUSIONS 

The  material  properties  in  this  section  are  based  on  mathe¬ 
matical  approximations  of  actual  results  reported  in  the  literature. 

The  assumptions  regarding  the  tensile  properties  of  the  con¬ 
crete  probably  have  the  most  effect  on  the  development  of  flexure  and 
shear  cracks.  The  assumptions  made  regarding  concrete  in  compression 
and  the  reinforcing  steel  are  very  close  to  the  usual  assumptions. 
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FIGURE  3.3  STRESS  -  STRAIN  CURVE 
FOR  REINFORCING  STEEL 


CHAPTER  IV 


ANALYSIS  FOR  ULTIMATE  LOAD 

4.1  INTRODUCTION 

This  chapter  will  present  an  analysis  of  the  development  of 
inclined  cracking  in  a  reinforced  concrete  beam  subjected  to  one  or  two 
symmetrically  placed  concentrated  loads.  The  analysis  is  based  on  strength 
of  materials  and  ignores  stress  concentrations.  The  structure  assumed 
in  the  analysis  is  a  reinforced  concrete  beam  with  uniformly  spaced  cracks 
as  shown  in  FIGURE  4.7.  The  assumed  critical  element  is  on  the  load  side 
at  the  top  of  a  crack  as  shown  in  FIGURE  4.1.  This  element  is  acted  on  by 
shearing  stress  and  flexural  stress  in  two  directions.  The  main  steps  in 
the  analysis  will  be  elaborated  on  in  the  remainder  of  the  chapter  and  are 
shown  in  the  block  flow  diagram  of  FIGURE  4.2.  The  main  steps  are: 

(a)  The  calculation  of  the  cracking  moment  for  a  given  section 
as  discussed  in  SECTION  4.3. 

(b)  The  definition  of  the  tooth  structure  in  terms  of  calculated 
crack  heights  and  an  assumed  crack  spacing  as  discussed  in 
SECTIONS  4.3  and  4.4. 

(c)  The  calculation  of  a  shear  stress  distribution  as  discussed 
in  SECTION  4.5. 

(d)  The  analysis  of  the  indeterminate  tooth  structure  for  final 
steel  strains  and  total  deflections  discussed  in  SECTIONS 

4 . 6  and  4.8. 
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FIGURE  4.1  THE  ASSUMED  STRUCTURE  AND  CRITICAL  ELEMENT 
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FIGURE  4.2  A  BLOCK  FLOW  DIAGRAM  OF  THE  ANALYSIS 


?'UTH3<3Q  1  i*‘A3 

L  -  ~  . - — - - *  ' 

•;  ^-'umirf  r-  ^ - ^"1 

frowoM  ompkiaso  sntr  si.ajikja’J 

.  (t  J  VS01TS 

— — - -•■  1  .'■■l  1  T" 


_y_ 


*1 


T  -  •*  .  Vj-  ),TA:j 

•:  »«-  :  >S  •  aTZJ. 


i„  .  i  -  - — a-v- — • —  -  -  1 


^  i »  ■  :'r 

aiMidJinsa  htoos  <M!.i  •••ki *•••••  8 


;r  ■•:«&  *4®  •  '  '  ' ) 

,  .•  jfr  •  •'  •  '  ;  1  ISAO 


• - - - »"*' 


\ 

'  .  .  ..  -  ...  .  ..: 


|  /0i .  i>  hqit  c-/k  £4i  :  .  2hr'L'm:^ 


. —  -  -  v 


_  -  —  - — 

htoot  ,oaoj  ,ta  .  • 

qma  awe* i  ro?a  ;»'•  i  -OOi  , ?4?- " a™ 

'8S83:iJ?T8  nA*H8 


- 1 ■— w-  r> 


8I8YJAIIA  HHT  1 


24. 


(e)  The  calculation  of  doweling  shear  using  the  deflection  from 
step  (d) ,  as  discussed  in  SECTION  4.7. 

(f)  The  repetition  of  steps  (c)  through  (e)  to  ensure  that  the 
total  shear  on  a  given  section  does  not  exceed  the  shear 
assumed  in  the  section. 

(g)  Using  the  final  stresses  from  step  (f)  the  tooth  stresses 
are  calculated  as  discussed  in  SECTION  4.9. 

(h)  The  magnitude  and  direction  of  the  principal  stresses  on  the 
assumed  critical  element  at  the  head  of  the  cracks  are  calcu¬ 
lated  as  discussed  in  SECTION  4.10. 

(i)  At  the  same  load  a  new  set  of  crack  heights  is  calculated 
using  the  principal  stresses  and  their  calculated  directions 
as  discussed  in  SECTION  4.10. 

(j)  Steps  (b)  through  (i)  are  repeated  for  various  loads  until 
failure  is  achieved.  Failure  is  assumed  to  occur  as  described 
in  SECTION  4.11. 

4.2  BEHAVIOR 

In  this  analysis  it  is  assumed  that  all  cracks  start  as  flexural 
tension  cracks.  Initially,  the  cracks  in  the  shear  span  propagate  verti¬ 
cally,  but,  as  the  load  is  increased,  the  effects  of  the  shear  force 
become  more  predominant  and  the  cracks  begin  to  lean  over  and  propagate 
toward  the  center  of  the  beam.  It  is  assumed  in  this  analysis  that  these 
cracks  are  caused  by  principal  tension  stresses  and  propagate  in  a  di¬ 
rection  normal  to  the  principal  tension  stress.  Under  any  given  load 
the  crack  will  propagate  until  a  state  of  equilibrium  is  reached  with  a 
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stress  equal  to  at  the  end  of  the  crack.  With  increasing  loads  the 
cracks  extend  until  a  crushing  failure  occurs  in  the  concrete  in  the  com¬ 
pression  zone  or  until  the  crack  propagates  through  the  beam.  These  two 
types  of  behavior  result  in  what  other  investigators  have  called  shear- 
compression  failure  or  a  diagonal  tension  failure. 

It  has  been  shown  by  Kani  (1964)  as  well  as  other  investigators 
that  these  types  of  failure  can  be  expected  to  occur  in  beams  with  shear 
span  to  depth  ratios  (a/d)  varying  from  about  2.5  to  5.0  with  pure  flexural 
failures  occuring  when  the  shear  span  exceeds  about  5  times  the  depth  of 
the  beam. 

In  this  analysis,  the  only  failure  modes  that  are  considered  are 
shear-compression,  diagonal  tension  or  pure  flexural  failures.  Other  modes 
of  failure  such  as  bond  failure,  shear  tension  failure,  or  a  crushing  of 
the  end  block  have  not  been  considered. 

4.3  FLEXURAL  CRACK  HEIGHTS 

At  a  cross-section  where  the  cracking  moment  is  exceeded,  a 
flexural  crack  will  develop  and  will  extend  into  the  beam  until  the  internal 
stresses  equilibrate  the  applied  moment.  The  flexural  crack  height  was 
calculated  as  follows: 

(a)  A  crack  height  was  assumed  and  the  tensile  strain  at  that  height 

was  taken  as  the  ultimate  strain  in  tension,  e  . 

tu 

(b)  The  compressive  strain  was  varied  until  the  sum  of  the  compres¬ 
sion  and  tension  forces  on  the  cross-section  was  equal  to  zero. 

(c)  The  resisting  moment  due  to  the  internal  forces  was  calculated 

and  compared  to  the  actual  moment  at  the  section  under  consideration. 
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(d)  The  crack  height  was  then  varied  until  the  resisting  moment 
was  equal  to  the  actual  moment  on  the  section. 

The  major  assumptions  involved  in  this  computation  were: 

(a)  The  concrete  strains  were  assumed  to  vary  linearly  across 
the  depth  of  the  beam.  The  reinforcement  strains  were  re¬ 
lated  to  the  concrete  strains  by  a  strain  compatibility  factor,  F. 

(b)  In  the  first  cycle,  the  flexural  crack  was  assumed  to  extend  to 
a  point  where  the  strain  is  equal  to  .  In  subsequent  cycles 
the  flexural  stress  at  the  head  of  the  crack  was  reduced  as 
described  in  SECTION  4.10  which  discusses  the  computation  of  the 
principal  tension  stresses. 

(c)  The  properties  of  the  materials  were  taken  as  outlined  in 
Chapter  III. 

A  strain  compatibility  factor,  F  ,  was  introduced  in  order  to 

relate  the  tensile  strain  in  the  steel  to  the  strain  resulting  from  a 

linear  strain  distribution.  The  strain  in  the  steel  was  expressed  as 

e  =  F  x  e  .  The  value  of  F  was  initially  assumed  to  be  1.0  and  later 
s  cs 

modified  to  a  value  obtained  by  solving  for  the  steel  strains  in  the  cracked 
portion  of  the  beam  as  an  indeterminate  structure. 

The  cracking  moment  of  the  cross-section  was  calculated  using  a 
procedure  similar  to  that  described  above  except  that  the  crack  height  was 
known  to  be  zero  at  the  start  of  cracking.  The  value  of  cracking  moment 
obtained  was  then  assumed  to  apply  to  all  sections  in  the  beam.  To  fa¬ 
cilitate  the  remainder  of  the  calculations,  cracks  which  did  not  reach 
the  height  of  the  reinforcing  were  neglected. 
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4.4  SPACING  OF  FLEXURAL  CRACKS 

For  the  purposes  of  this  investigation  the  spacing  of  the  cracks 
was  assumed  to  be  two  times  the  distance  from  the  tension  face  of  the  beam 
to  the  centroid  of  the  tension  reinforcing.  The  first  crack  was  assumed 
to  form  directly  under  the  load  point.  This  spacing  of  cracks  is  based 
on  work  by  Broms  (1965) .  The  theory  presented  by  Broms  predicted  a  crack 
spacing  for  one  and  one-half  times  the  cover  but  when  he  checked  this 
against  tests  he  found  that  the  measured  distances  were  closer  to  two  times 
the  cover.  The  assumed  relationship  was  checked  against  photographs  of 
beams  and  was  found  to  be  sufficiently  accurate  for  this  investigation. 

4.5  SHEAR  STRESS  DISTRIBUTION 

The  distribution  of  shearing  stresses  assumed  in  this  thesis 
consisted  of  a  second  degree  parabola  in  the  uncracked  portion  of  the 
cross-section  and  a  fourth  degree  parabola  in  the  cracked  portion  of  the 
cross-section  as  shown  in  FIGURE  4.3. 

This  distribution  shows  two  notable  features.  The  first  is  that 
the  maximum  shearing  stress  was  assumed  to  occur  at  the  neutral  axis  com¬ 
puted  from  the  flexural  crack  height  procedure  outlined  in  SECTION  4.3.  The 
second  feature  is  that  there  is  some  shear  transferred  across  the  crack  and 
a  considerable  shear  stress  at  the  head  of  the  crack.  The  latter  assumption 
was  justified  by  consideration  of  an  element  at  the  head  of  the  crack,  as 
shown  in  FIGURE  4.1.  If  no  shearing  stress  acted  on  this  element,  a  Mohr's 
circle  would  suggest  that  the  crack  would  propagate  at  one  of  two  angles, 
either  horizontal  or  vertical.  However,  an  inclined  crack  propagates  at 
an  angle  that  is  neither  horizontal  or  vertical  and  as  a  result  it  appears 
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there  must  be  a  shear  stress  present.  Such  a  stress  would  be  transmitted 
by  aggregate  interlock  or  friction  between  two  adjacent  teeth  as  they  de¬ 
flect.  The  fourth  degree  parabola  was  chosen  empirically  on  the  assumption 
that  the  shear  transmission  across  a  crack  decreases  rapidly  as  the  crack 
opens  . 

The  values  of  the  maximum  shear  stress  and  the  shear  stress  at 

the  head  of  the  crack  were  determined  by  making  the  volume  under  the 

assumed  distribution  of  shear  stress  equal  to  the  total  shear  carried  by 

the  concrete.  This  gave  the  following  expressions  for  v  and  v 

s  ma  x . 


v 

max 


V 

cone 


?  ^  Y  9 

<3  A  +  Y  +  5>  +  (A> 


(4.1) 


V 

s 


V 

max 


(4.2) 


where  the  various  terms  are  defined  in  FIGURE  4.3.  FIGURE  4.4  shows  a 
plot  of  the  shear  distribution  measured  by  Van  den  Berg  (1962)  compared 
to  the  distribution  of  shear  stress  assumed  in  this  thesis.  The  volume 
under  Van  den  Berg's  shear  distribution  was  115  percent  of  the  applied 
shear  and  thus  would  appear  to  over-estimate  the  shearing  stresses  in 
the  section.  Van  den  Berg  extrapolated  all  his  shear  distribution  curves 
to  pass  through  zero  shear  stress  at  a  point  one  inch  above  the  base  of 
the  beam.  This  was  done  regardless  of  whether  the  beam  was  cracked  or 
not  and  has  not  been  explained  at  any  time. 
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FIGURE  4.4  A  COMPARISON  OF  MEASURED 
TO  PREDICTED  SHEAR  STRESS  DISTRIBUTION 


31. 


4.6  TOOTH  STIFFNESSES  AND  DEFLECTIONS 

The  concrete  between  cracks  in  the  shear  span  will  be  called  a 
tooth  because  a  slender  beam  will  resemble  a  comb  with  a  number  of  teeth 
as  the  beam  reaches  its  ultimate  strength.  The  forces  acting  on  such  a 
tooth  are  shown  in  FIGURE  4.5.  The  deflection  of  the  tooth  under  these 
forces  was  calculated  using  an  elastic  analysis  assuming  the  modulus  of 
elasticity  of  the  concrete  was  constant  at  E  .  This  assumption  is  not 
unreasonable  when  one  realizes  that  the  deflections  of  the  teeth  and  the 
strains  due  to  the  deflections  are  small  when  compared  to  the  strains  that 
occur  on  vertical  cross-sections  through  the  beam. 

The  vertical  dimension  of  the  tooth,  S  ,  was  chosen  as  the 
height  of  the  crack  on  the  side  of  the  tooth  farthest  from  the  load,  as 
shown  in  FIGURE  4.5.  To  simplify  the  computations  the  value  of  doweling 
shear  and  concrete  shearing  stress  acting  on  both  sides  of  the  tooth  were 
taken  to  be  those  values  at  the  crack  where  the  crack  height  was  defined. 

The  horizontal  deflections  of  the  tooth  due  to  the  shear  force 
and  differing  tensile  forces  in  the  reinforcement  were  then  calculated 
using  the  method  of  virtual  work.  The  stiffness  of  the  tooth  in  the  hori¬ 
zontal  direction  was  also  computed  using  the  method  of  virtual  work  con¬ 
sidering  the  effects  of  both  flexural  and  shearing  deflections.  The  verti¬ 
cal  deflections  of  the  sides  of  the  tooth  at  the  height  of  the  steel 
(Points  A  &  B)  were  evaluated  in  a  similar  manner. 
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4.7  DOWEL  SHEAR 

Doweling  shear  forces  are  introduced  as  a  result  of  the  deflections 
of  one  tooth  relative  to  the  next  tooth  as  shown  in  FIGURE  4.6.  An  ex¬ 
pression  for  the  doweling  shear  was  obtained  by  considering  the  reinforcing 
to  act  as  a  beam  on  elastic  foundation.  Using  this  approach  it  was  assumed 
that  the  concrete  surrounding  the  bar  between  the  cracks  was  the  elastic 
foundation.  The  forces  acting  on  the  reinforcing  bar  are  shown  in  FIGURE 
4,6.  For  simplicity,  the  effect  of  axial  tension  on  the  dowling  forces 
was  neglected. 

The  relationship  between  deflection  of  the  reinforcement  and  the 
moments  and  shears  acting  on  the  reinforcement  is  given  by  Hetenyi  (1946) 
as  follows: 


AV  = 


~K 


2  2 

K^(sinh  \  Ax  -  sin  lv  Ax)  _ 


2V^(sinh\  Ax(cosh\Ax  +  cosX  Ax) 


(4.3) 


sin\Ax  (cos\Ax  +  coshXAx)  -  2M^D  (sinh\Ax  +  sinXAx) 


where  ''K  =  4  Q  d/4  E  I 

f  s  bar 


K  =\4  E  I 
f  s  bar 


and  =  a  foundation  modulus. 

In  order  to  simplify  the  above  expression  it  was  assumed  that 
the  flexural  cracks  had  a  width  of  0.01  inches  or  less  and  the  moment  in 
the  dowel  at  the  face  of  the  concrete  was  set  at  the  maximum  expected 
value  of: 


M^d  =  0.005  V. 


(4.4) 
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FIGURE  4.6 


DOWELING  SHEAR 


35 . 


This  assumption  led  to  little  error  since  the  effect  of  moment  was  small 
compared  to  the  shear. 

A  number  of  investigations  have  proposed  values  for  the  foun- 

6  6 

dation  modulus,  Q,  ranging  from  0.92  x  10  psi  to  2.56  x  10  psi  depend¬ 
ing  on  the  type  of  test  and  analysis.  The  value  used  in  this  thesis  was 
1.5  x  106  psi  selected  by  A.C.I.  COMMITTEE  325  (1956)  for  steel  bars 
embedded  in  concrete.  For  bar  sizes  ranging  from  #5  to  # 9  it  was  found 
that  EQUATION  4.3  could  be  reduced  to  the  following  approximate  relation¬ 
ship  : 

AV  =  1.90  Vn/  x3  4  E  I,  (4.5) 

D  s  bar 

The  constant  1.90  was  found  to  vary  from  1.83  to  1.98.  By  re¬ 
arranging  the  above  expression  an  expression  for  can  be  written  in 
terms  of  the  other  parameters.  The  vertical  deflection  AV  ,  was  taken 
as  one  half  the  total  relative  deflection  of  two  adjacent  teeth  calculated 
in  SECTION  4.6  as  shown  in  FIGURE  4.6. 

4.8  THE  INDETERMINATE  STRUCTURE 

At  this  point  in  the  analysis  all  the  forces  acting  on  the  tooth 
have  been  estimated  except  the  force  in  the  reinforcement.  The  steel 
strains,  e  ,  have  been  computed  assuming  that  plane  sections  remain 

S  JL 

plane.  However,  it  has  also  been  assumed  that  the  teeth  will  deflect 

under  the  various  forces  acting  on  them,  resulting  in  an  additional  steel 

strain,  e  „  .  The  indeterminate  structure  shown  in  FIGURE  4.7  was  solved 
s2 

to  determine  the  additional  steel  strain  due  to  the  tooth  deflections. 
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FIGURE  4.7  THE  INDETERMINATE  TOOTH  STRUCTURE 
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The  indeterminate  structure  consisted  of  a  number  of  teeth  joined  by 
sections  of  reinforcement.  The  lateral  stiffness  of  the  teeth  was  defined 
in  terms  of  the  deflection  equations  described  in  SECTION  4.6.  In  order 
to  define  the  stiffness  of  the  reinforcement  it  was  necessary  to  define 
the  effective  unbonded  length  of  the  bar  connecting  the  teeth.  The  ef¬ 
fective  length  of  the  reinforcement  may  be  defined  as  that  length  which 
when  multiplied  by  the  average  strain  give  the  same  elongation  as  would 
be  found  if  the  strains  were  summed  over  a  length  of  bar  Ax  . 

A  knowledge  of  how  the  steel  strains  vary  between  two  adjacent 
cracks  is  necessary  before  the  effective  unbonded  length  can  be  defined. 

It  is  known  that  there  is  a  strain  concentration  in  the  reinforcing  at  a 
crack  and  that  for  deformed  bars  the  steel  strains  are  approximately  equal 
to  the  strain  in  the  surrounding  concrete  at  some  distance  from  a  crack. 
University  of  Illinois  Bulletin  479  (1965)  presents  several  theoretical 
distributions  of  steel  and  concrete  strains  between  two  adjacent  flexural 
cracks.  The  most  common  forms  of  distribution  presented  are  linear, 
parabolic  and  sinusoidal.  In  this  analysis  the  strain  in  the  bar  is 
assumed  to  vary  parabolically  from  a  maximum  at  the  crack  to  a  minimum 
at  the  center  of  the  tooth  and  the  strain  in  the  concrete  is  assumed  to 
vary  parabolically  from  a  minimum  at  the  crack  to  a  maximum  at  the  center 
of  the  tooth  as  shown  in  FIGURE  4.8.  If  the  parabolas  are  assumed  to 
be  of  the  second  degree  then  the  effective  length  of  the  bar  can  be  cal¬ 
culated  to  be  Ax/3.  In  future  investigations,  it  may  be  desirable  to  make 
the  effective  length  a  function  of  the  level  of  stress  in  the  bar  and  to 
check  the  deformations  in  a  region  of  pure  flexure. 
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FIGURE  4.8  ASSUMED  CONCRETE  AND  STEEL 


STRAIN  DISTRIBUTIONS  ACROSS  A  TOOTH 
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In  order  to  derive  the  simultaneous  equations  used  to  solve 
the  indeterminate  structure  the  following  approach  was  used.  The  hori¬ 
zontal  deflection  of  the  k  tooth  was  assumed  to  be  the  summation  of  the 
portion  of  the  steel  strains  resulting  from  the  tooth  deflections  multi¬ 
plied  by  the  effective  length  of  the  bars.  This  approach  resulted  in 
the  following  equation: 


^(k)  Lef f  <'ss2(k+l)  +  €s2(k+2)  +  es2(k+3) 


(4.6) 


where:  L  f  =  the  effective  length  of  the  bars  joining  equally  spaced 

teeth 

e  \  =  the  additional  strain  due  to  the  tooth  deflections; 
s2(k) 

to  be  solved  for 

The  horizontal  deflection  of  the  k  tooth  can  also  be  considered  as  the 
flexibility  of  tooth  k  times  the  difference  in  total  strain  between  the  k 
and  the  k+1  cross-section  plus  the  horizontal  deflections  due  to  the  shear 
transfer  forces.  This  approach  resulted  in  a  second  equation  as  follows: 


AH 


Vk)  [ 


(e 


+  e  o/i_\)  “  (e 


+  e 


(k)  T(k)  [_  'sl(k)  s2(k)  sl(k+l)  s2(k+l)'J  ’t_i””k 


] 


)  +AHs,  (4.7) 


where:  AHs/lN  =  the  horizontal  deflection  of  tooth  k  due  to  the  shear 

(k) 

transfer  forces 
=  the  flexibility  of  tooth  k 
€sl(k)  =  t^ie  stratn  at  section  k  assuming  plane  sections 
remain  plane 
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By  equating  EQUATIONS  4.6  and  4.7  the  following  equation  can  be  written: 


es2(k)  ^T (k)  +  Gs2(k+1)  (Leff+  *S?(k)^+  Gs2(k+2)  Leff 

(4.8) 


(Gsl(k)  '  Gsl(k+1))  ^(k)  "  ^s(k) 


EQUATION  4.8  can  be  written  for  each  crack  location  in  the  structure.  In 

order  to  solve  the  resulting  set  of  equations  it  was  assumed  that  there 

was  no  additional  strain  in  the  steel  at  the  crack  directly  under  the 

load,  i.e.  e  =  0.  These  equations  can  then  be  solved  for  the  strains, 

s2(l) 

€s2  5  anC*  ^  adding  these  to  the  corresponding  strains  e  ^  the  total  steel 
strain  at  each  section  can  be  found. 

The  strain  compatibility  factor,  F  ,  can  now  be  defined  as  the 
total  strain  in  the  steel  divided  by  the  strain  resulting  from  the 
flexural  crack  height  computations  assuming  a  linear  strain  distribution. 
The  flexural  crack  height  computations  can  then  be  repeated  as  can  all 
the  previous  calculations  with  each  cycle  varying  the  F  factor  slightly 
until  there  is  no  significant  change.  A  value  of  F  larger  than  1.0  will 
result  if  the  teeth  deflect  toward  the  load  point.  As  the  value  of  F 
increases  the  crack  height  will  decrease  as  discussed  in  CHAPTER  6. 


4.9  TOOTH  STRESSES 

When  the  total  steel  strains  computed  in  SECTION  4.8  and  the 
shearing  stresses  computed  in  SECTIONS  4.5  and  4.7  are  known  it  is  possible 
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to  compute  the  flexural  stresses  in  the  tooth  shown  in  FIGURE  4.5.  The 
only  stress  which  has  any  significance  in  this  analysis  is  the  tensile 
stress  at  the  base  of  the  tooth.  This  stress  was  calculated  using 
standard  beam  theory  and  assuming  the  modulus  of  elasticity  of  the  con¬ 
crete  to  be  constant  and  equal  to  E  .  The  errors  due  to  using  this 
value  of  the  modulus  of  elasticity  are  normally  small  since  the  deflections 
of  the  tooth  are  small.  This  computation  ignores  any  "deep  beam"  action 
in  the  tooth.  The  errors  due  to  this  simplification  are  discussed  by 
Lorentsen  (1965). 

4.10  COMPUTATION  OF  PRINCIPAL  TENSIONS 

To  compute  the  magnitude  and  direction  of  the  principal  tensions 

the  critical  element  shown  in  FIGURE  4.1  must  be  examined.  Since  this 

analysis  assumes  that  a  crack  occurs  if  the  tensile  stress  exceeds  f^ 

then  the  flexural  stress  in  the  longitudinal  direction  must  be  less  than 

f^  .  The  following  stresses  are  assumed  to  act  on  this  element:  a  tension 

stress  in  the  vertical  direction  equal  to  the  tooth  stress  as  calculated 

in  SECTION  4.9,  a  shearing  stress  equal  to  v  ,  as  calculated  in  SECTION 

s 

4.5  and  a  principal  tension  stress  equal  to  f^  at  an  angle  to  the  horizontal. 
The  reduced  flexural  tension  in  the  horizontal  direction  and  the  direction 
at  which  the  crack  will  propagate  can  then  be  calculated  using  a  Mohr's 
circle  as  shown  in  FIGURE  4.9. 

The  flexural  crack  height  computation  can  then  be  repeated  for 
the  reduced  flexural  tensile  stress  with  the  crack  now  propagating  at  an 
angle  as  calculated  above.  The  remainder  of  the  calculations  are  repeated 
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until  there  is  a  negligible  increase  in  the  crack  height  at  a  given  load. 
The  coordinates  of  the  end  of  the  crack  are  assumed  to  represent  those 
in  the  actual  beam. 

4.11  FAILURE  MODES 

The  calculations  and  cycles  described  in  the  preceeding  parts 
of  this  chapter  are  carried  out  at  one  given  load  increment.  When,  as 
described  in  SECTION  4.10,  there  is  no  longer  any  appreciable  growth  of 
the  crack,  the  load  is  incremented  until  failure  occurs. 

Failure  of  the  beam  was  detected  in  three  different  ways.  If 
after  an  increase  in  load  the  concrete  could  no  longer  mobilize  enough 
force  to  resist  the  tension,  the  concrete  was  assumed  to  crush,  resulting 
in  a  failure  similar  to  a  shear  compression  failure.  The  second  mode  of 
failure  was  caused  by  yielding  of  the  reinforcement.  Yielding  of  the  rein¬ 
forcement  results  in  infinite  rotations  at  a  constant  load  and  thus  the 
analysis  as  presented  breaks  down.  The  third  mode  of  failure  occurred  as 
the  result  of  the  crack  height  being  incremented  up  until  the  tension  and 
compression  forces  could  not  be  balanced  on  a  given  cross-section.  This 
third  type  of  failure  is  the  result  of  too  coarse  an  increment  in  crack 
height.  If  one  examines  moment  versus  crack  height  curves  such  as  given 
by  Morrison  (1965)  or  in  FIGURE  4.10  it  can  be  seen  that  near  the  ultimate 
load  a  very  small  increase  in  crack  height  can  result  in  a  very  large  in¬ 
crease  in  the  bending  moment.  If  the  crack  height  is  incremented  above 
the  maximum  possible  crack  height  for  the  load  under  consideration  an  un¬ 
stable  condition  will  occur  in  that  the  forces  on  the  cross-section  can  not 
be  balanced.  When  this  type  of  failure  appeared  to  occur  the  crack  height 
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increment  was  progressively  decreased  in  an  attempt  to  bring  the  beam  to 
equilibrium.  If  this  procedure  failed,  the  beam  was  assumed  to  be  close 
to  an  unstable  state  and  was  said  to  have  failed. 

4.12  SUMMARY 

The  analysis  described  in  this  chapter  involves  many  iterations 
at  one  load  to  converge  on  final  values  of  the  strain  compatibility  factor, 
F  ,  the  crack  height,  the  crack  direction  and  the  doweling  shear  values. 
FIGURE  4.2  will  help  the  reader  understand  where  most  of  these  cycles 
occur  and  the  order  in  which  the  calculations  are  made.  The  more  complete 
flow  chart  in  APPENDIX  A  shows  some  of  the  more  intricate  steps  involved 
in  the  analysis . 
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CHAPTER  V 


COMPARISON  OF  ANALYSIS  TO  TEST  RESULTS 

5.1  INTRODUCTION 

The  analysis  presented  in  CHAPTER  IV  was  applied  to  10  beams  of 
varying  shear  span  to  depth  ratios,  concrete  strengths  and  steel  yield 
strengths.  The  crack  patterns  in  the  shear  span  obtained  from  the  analysis 
are  presented  and  where  possible  are  compared  to  those  patterns  actually 
obtained  from  tests.  The  measured  and  computed  shear  failure  loads  are 
compared . 

5.2  RESULTS  OF  THE  ANALYSIS 

The  properties  of  the  beams  which  were  analyzed  are  presented  in 

TABLE  5.1.  The  numbering  of  the  beams  is  identical  to  that  used  in  the 

references  from  which  the  data  was  taken.  The  concrete  strengths  in  the 

beams  considered  varied  from  about  2500  psi  to  about  5500  psi  and  the  steel 

yield  strength  varied  from  about  55,000  psi  to  about  105,000  psi.  The 

reinforcement  ratios  ranged  from  a  high  of  0.0338  to  a  low  of  0.0041. 

The  results  of  the  analysis  are  presented  in  TABLE  5.2.  The 

most  important  values  are  P^  ,  the  observed  inclined  cracking  load; 

P  ,  the  observed  ultimate  load;  P  ,  ,  the  load  value  obtained  by 

u  code  J 

using  the  ACI  Code  expression  v  =1.9  Iv  +  2500  ;  and  P  ,  the 

load  predicted  by  the  analysis  in  CHAPTER  IV.  The  results  of  the  analysis 
agree  quite  well  with  test  results  but  in  all  cases  the  predicted  ulti- 
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mate  load  is  less  than  the  observed  ultimate  load.  In  most  cases  the 
observed  diagonal  cracking  load  was  very  close  to  the  ultimate  load  pre¬ 
dicted  in  this  thesis. 

As  shown  in  TABLE  5.2  the  ratio  of  the  observed  diagonal  crack¬ 
ing  load  to  the  inclined  cracking  load  predicted  by  the  A.C.I.  1963  Build¬ 
ing  Code  ranged  from  0.89  to  2.72  with  a  mean  value  of  1.53.  The  ratio  of 
the  observed  ultimate  load  to  the  ultimate  load  obtained  from  the  analysis 
presented  in  this  thesis  ranged  from  1.09  to  1.58  with  a  mean  value  of 
1.25. 

FIGURES  5.1  to  5.3  compare  the  actual  crack  patterns  reported 
by  Bresler  and  Scordelis  (1963,  1964)  to  the  predicted  crack  pattern. 

While  the  crack  heights  toward  the  center  of  the  span  agree  closely  with 
the  tests,  the  characteristic  diagonal  cracks  which  occurred  in  these 
beams  during  the  tests  were  not  predicted  by  the  analysis.  For  purposes 
of  comparison  the  loads  at  which  the  crack  propagated  to  a  given  height 
are  shown.  All  computed  points  on  the  theoretical  crack  paths  are  not 
shown  as  this  would  result  in  confusion.  The  crack  spacing  used  in  analy¬ 
zing  these  beams  was  taken  as  the  average  spacing  observed  in  the  tests  so 
that  closer  agrument  between  actual  and  theoretical  crack  patterns  could 
be  achieved. 

FIGURES  5.4  to  5.6  show  the  predicted  crack  patterns  for  the 
remaining  seven  beams.  The  cracks  at  which  failure  was  predicted  are 
marked  with  arrows  at  the  ends.  It  can  be  seen  that  while  no  one  crack 
always  caused  failure,  there  were  more  failures  at  the  first  crack  from 
the  load  point  than  the  others.  A  reason  for  this  may  be  that  at  an 
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Observed  Mode  of  Failure 

All  beams  failed  following  the  formation  of  a  large  diagonal  crack  extending  from  the 
bottom  of  the  beam  to  close  to  the  top. 


—  ^  - 


- . 


* 


J 


’  '  > 


'■ 


,  ’  i 

VJ  ("»>■ 


t 


— T - - 

•  1 


IP 


' 


V 


«.5  V1"  ’ 

r 


■ 


3  *- .  ' 

,  $ 

9)  5 

’  in 


'*  '  , 


■  !■  i  *  — 


K  <Q  6  IQ 

t— .'  .  M  Ml  M  M  H» 


£ 


CO  *  C>  'T' 
>~t  VO  fO  VO 


— 


ro 


d  4 

V?  u 


C  36 


5-  *  - 

\4  —>  t* 


c  >•  -  t* 


f,  iVJ 

<X  lU 


- 

fc« 

a>  a,  a  ■ 

4  <4  it  cv 
to  u  Sk 
<J> 

«  y  it 
i  ■  • : 

§4  O  >“> 

®  O  h* 

K.  . 

u  LP  0: 

BPii  w  W 
Q 

0  y  wi 

u 

:  oo  (»  .  t 
*~>  ■«  '  j  5  i 

■  ■  -1'  b*  '3! 

r  cr  rj., 

•  «  f  tr 

Sb  4 
C  .«|  U  4 


."v  to 

r\>  *  1 


t>  00 
.  -  t- 


O  .  >— 


S3  IS  - 

*Q !  tQ 


£< 


r»  to 

oj  c> 


o  t- 


io  oo  .>  - 
to  ;  to  cv  t 


...   •-■-« 

■  -1 


-3' 


T> 

£K 

cv 

ro 

ro 

**u 

K 

to 

to 

ru 

J*. 

-*i 

CO 

ru 

<T> 

Q/ 

?  CO 

g. 

-> 

' 

. '- 


.  OP 

to  <l ,  ft  rt  ^ 


S 


VO  CV  ,1> 


.. — , — 


'  lO  ' 

■  J*  — ~  •  *- 


ro  c?  r-  r->. 


!-  n.  r  X  g  g  3  i-  & 

;  ;c  r-  ru  1  V  fJ  r*»  £  cv 


t  • 


fo  .  ^  - : 


CV 


iX>  O  '  O  J  o 


*  * 


,oi  rv  ro 


to  oo  oo  oc 


o 

■ 

-o 

' 

t> 

1> 

trr 

r<- 

to 

.V*. 

vfl 


vO 


n.a 


-■ . 

j 


i 


V) 


4? 


O 


-r— 


O  - 
►V 


- 


0 


<L  OF  LOAD 
AND  BEAM 


<L  OF  LOAD 
AND  BEAM 


5 1  =, 


■^r 


25 

w 

H 

H 

<3 

PM 

W 

O 

s 

o 

Q 

W 

> 

pci 

W 

co 

PQ 

O 


P 

3  CN1 

^  < 
p  o 


S3 

£ 

d 

C*5 

<3 

w 

w 

W 

H 

CO 

m 

H 

ffl 

<! 

o 

3 

PM 

O 

Cm 

Cm 

W 

O 

O 

CO 

•<2 

3 

3 

p2 

O 

pci 

o 

CO 

w 

M 

H 

P 

Pd 

H 

W 

<3 

<3 

H 

O 

PM 

M 

o 

S*5 

P 

W 

o 

a 

<3 

Pi 

<3 

« 

Pm 

o 

CM  P 

•  W 

in  H 

o 

W  M 
|3  P 
5  W 
O  p5 

M  fXj 

3 


o 


O - 


H 

W 

W 

Pm 

6 

CO 


OF  LOAD 
AND  BEAM 


<L  OF  LOAD 


i 

\N’D  BEAM  5  3 

f 

r 

o 

^ 

/ 

i.  *»■ 

llo 

/ 

PREDICTED  CRACK  PATTERN  FOR  BEAM  114 

-2 

G 


i,  OF  LOAD 


\ 

r 

& 

i 

PREDICTED  CRACK 

PATTERN  FOR  BEAM  12A- 

2 

(J,  OF  LOAD 
AND  BEAM 


PREDICTED  CRACK  PATTERN  FOR  BEAM  4CC 


0  1.0 

I  V  I 


SCALE  FEET 
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increased  load  this  crack  was  always  checked  first.  If  some  other  crack 
in  the  pattern  became  unstable  at  a  slightly  lower  load  then  failure  may 
not  have  occurred  at  the  second  crack  but  at  some  other  crack,  but  would 
not  have  been  detected  because  of  the  order  in  which  the  cracks  were 
checked . 

5.3  SUMMARY 

The  analysis  presented  in  this  thesis  predicts  the  ultimate 
load  of  reinforced  concrete  beams  failing  in  diagonal  tension  or  shear 
compression  within  about  25%.  The  crack  patterns  obtained  from  the  analysis 
are  similar  to  those  observed  during  tests,  although  the  diagonal  crack 
which  generally  causes  failure  is  not  predicted.  The  predicted  failure 
load  is  generally  very  close  to  the  critical  inclined  cracking  load. 

In  view  of  the  accuracy  with  which  the  ACI  Building  Code 
equation  predicts  the  inclined  cracking  load,  the  analysis  in  this  thesis 
appears  to  be  much  better. 
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CHAPTER  VI 


DISCUSSION  OF  VARIABLES  AND  RESULTS 
OF  THE  ANALYSIS 

6.1  INTRODUCTION 

This  chapter  will  present  a  discussion  of  the  important  variables 
which  affect  the  shear  failure  load,  the  crack  height  and  the  relative 
magnitudes  such  secondary  factors  as  tooth  deflections  and  stresses,  and 
the  dowel  and  aggregate  interlock  shear  forces.  Factors  which  affect 
the  ultimate  crack  height  and  failure  load  will  also  be  discussed. 

6.2  FACTORS  AFFECTING  THE  CRACK  HEIGHT 

There  are  several  factors  which  affect  the  crack  height  predicted 
by  this  analysis.  These  may  be  broken  into  two  groups:  those  variables 
which  have  a  direct  effect  on  the  flexural  crack  height,  and  those  vari¬ 
ables  that  influence  the  crack  height  under  combined  flexure  and  shear 
by  their  effect  on  the  first  group. 

(a)  Factors  Affecting  the  Flexural  Crack  Height 

The  height  of  a  flexural  crack  in  a  reinforced  concrete  beam  is 
affected  by  such  variables  as  the  bending  moment,  the  ultimate  tensile 
stress  and  strain  of  the  concrete,  the  ultimate  compressive  stress  and 
strain  of  the  concrete,  the  yield  strength  of  the  steel,  the  reinforce¬ 
ment  percentage,  p  ,  the  steel  strain  compatibility  factor,  F  ,  and  the 
cracking  stress  and  strains  of  the  concrete  which  may  be  altered  as  a 
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result  of  the  computations  of  principal  stress  which  are  made  in  SECTION 
4.10.  The  calculation  of  this  reduced  stress  at  which  cracking  occurs 
depends  upon  those  variables  which  fall  into  the  second  group  of  vari¬ 
able  affecting  the  crack  height. 

The  effect  of  bending  moment  on  the  flexural  crack  height 
at  any  given  section  can  be  seen  by  examining  FIGURE  4.10.  This  figure 
shows  typical  moment  versus  flexural  crack  height  relationships  for  three 
beams.  It  can  be  seen  that  at  the  first  stages  of  flexural  cracking 
the  moment  resistance  of  a  section  increases  very  slowly  or  in  some  cases 
may  decrease  slightly  as  the  crack  propagates.  In  the  later  stages  of 
loading  the  crack  propagates  very  slowly  as  the  moment  resistance  of  the 
section  increases  rapidly.  The  reason  for  the  initial  decrease  in  moment 
resistance  is  that,  just  prior  to  cracking  the  concrete  carries  its  maxi¬ 
mum  tensile  force.  This  tensile  force  is  reduced  when  the  beam  cracks  and 
in  many  cases  the  increase  in  tensile  steel  force  is  not  sufficient  to 
maintain  the  previous  value  of  moment  resistance  until  the  crack  rises 
some  distance  into  the.  beam.  This  decrease  in  moment  capacity  is  parti¬ 
cularly  noticed  in  beams  with  low  reinforcement  ratios.  As  the  crack 
height  increases,  however,  the  moment  resistance  begins  to  build  at  an 
ever  increasing  rate  as  the  maximum  concrete  stress  builds  to  a  maximum, 
k„f*  .  Once  the  concrete  stress  has  reached  a  maximum  very  little  reduc- 
tion  of  the  compression  zone  can  be  tolerated  and  thus  the  moment  re¬ 
sistance  of  a  section  increases  rapidly  for  a  small  increase  in  crack 
height . 

The  effect  on  the  crack  height,  of  a  change  in  the  tensile 
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stress -strain  curve  assumed  for  the  concrete  can  be  seen  by  examining 
FIGURE  6.1.  At  the  initial  loading  stages  where  the  tensile  strength 
of  the  concrete  plays  a  major  role  in  resisting  the  load,  the  effects 
of  the  tensile  stress -strain  curve  on  cracking  are  quite  significant 
as  would  be  expected.  An  increase  in  the  ultimate  tensile  stress  and 
strain  of  the  concrete  results  in  a  higher  cracking  moment  and  conse¬ 
quently  lower  crack  heights.  In  the  final  stages  of  loading  there  is 
little  difference  between  the  crack  heights  in  the  two  beams  although 
those  corresponding  to  the  concrete  with  the  larger  tensile  values  re¬ 
main  below  those  of  the  lower  strength  concrete.  At  this  stage  of  load¬ 
ing  the  tensile  strength  of  the  concrete  has  little  effect  on  the  load 
carrying  capacity  of  the  member  and  the  resulting  lower  crack  heights 
are  the  result  of  the  ultimate  tensile  strain  being  increased. 

The  effect  of  changing  the  ultimate  compressive  strength  of 
the  concrete  in  the  beam  on  flexural  cracking  is  shown  in  FIGURE  6.2. 

At  the  initial  stages  of  loading  the  flexural  crack  heights  are  higher 
for  lower  strength  concretes  because  the  beam  cracks  earlier  and  the 
internal  moment  arm  must  be  greater  and  the  stress  block  must  be  more 
fully  developed  to  resist  the  internal  tension.  Because  the  concrete 
in  the  low  strength  beams  must  be  more  highly  stressed  relative  to  its 
ultimate  value,  however,  the  moment-crack  height  curves  for  low  strength 
concrete  level  off  faster  than  those  for  high  strength  concrete.  At  the 
final  loading  stages,  the  cracks  are  shorter  for  the  lower  strength 
concretes.  This  is  because  a  larger  compression  zone  is  required  to  re¬ 
sist  the  compression  force  developed  when  the  beam  approaches  failure, 
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FIGURE  6.1  THE  EFFECT  OF  THE  TENSILE  STRENGTH 
OF  CONCRETE  ON  THE  PREDICTED  CRACK  HEIGHT 
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if  the  concrete  strength  is  low.  A  change  in  the  factor  would  have 
the  same  effect  as  a  small  change  in  concrete  strengths. 

A  change  in  the  yield  strength  of  the  reinforcement  has  no 
effect  on  flexural  crack  heights  except  that  a  lower  yield  stress  rein¬ 
forcement  will  cause  failure  of  an  under-reinforced  section  sooner  than 
would  a  high  yield  strength  steel.  The  ultimate  crack  height  of  the 
section*  assuming  failure  is  caused  by  yielding  of  the  steel,  would  be 
lower.  In  an  over -reinforced  section  where  the  steel  does  not  yield  until 
after  the  concrete  fails,  a  change  in  the  yield  strength  of  the  steel  has 
no  effect  unless  it  results  in  that  beam  changing  from  an  over -reinforced 
section  to  an  under -reinforced  section. 

One  of  the  most  significant  factors  affecting  the  flexural  crack 
height  is  the  reinforcement  ratio,  p  .  The  effects  of  this  factor  are 
shown  in  FIGURE  6.3.  The  flexural  cracking  moment  increases  slowly  as 
the  steel  percentage  is  increased.  For  low  reinforcement  ratios  initial 
cracking  is  followed  by  a  decrease  in  moment  resistance  which  eventually 
builds  up  again.  Under  a  dead  loading  the  initial  crack  would  extend 
vertically  until  the  crack  height  corresponding  to  the  applied  load  was 
reached.  On  the  other  hand,  over -reinforced  sections  exhibit  larger 
cracking  moments  and  show  no  decrease  in  moment  resistance  but  rather 
an  increasing  moment  resistance  up  to  failure.  It  also  can  be  seen  that, 
because  the  compression  zone  must  equilibrate  larger  tension  forces  in 
the  beam  with  high  percentages  of  reinforcement,  the  crack  heights  re¬ 
main  lower  throughout  the  total  range  of  loading.  The  effect  of  yielding 
can  be  seen  by  examining  the  curve  for  p  =-  1.42%.  It  is  observed  that 
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FIGURE  6.3  THE  EFFECT  OF  A  CHANGE  IN  STEEL 
PERCENTAGE  ON  THE  PREDICTED  CRACK  HEIGHT 
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when  yielding  takes  place,  a  rapid  increase  in  crack  height  occurs  with 
very  little  increase  in  moment  resistance. 

The  effect  of  the  steel  strain  compatibility  factor,  F  ,  can 
be  seen  in  FIGURE  6.4.  A  change  in  the  steel  strain  factor  has  the  same 
effect  as  a  change  in  the  percentage  of  reinforcement  in  a  beam.  The 
curves  of  FIGURE  6.4  thus  are  similar  to  FIGURE  6.3  and  the  reasons  for 
the  differences  in  the  curve  of  FIGURE  6.4  are  the  same  as  those  presented 
for  FIGURE  6 . 3  if  it  is  realized  that  an  increase  in,  F  ,  results  in  an 
effective  increase  in,  p  . 

(b)  Factors  Affecting  the  Height  of  a  Crack  in  a  Region  of  Combined 

Shear  and  Flexure 

In  the  introduction  to  this  discussion  of  crack  heights  the  vari¬ 
ables  affecting  the  crack  height  were  divided  into  those  directly  and  in¬ 
directly  affecting  the  flexural  crack  height.  The  variables  which  fall 
into  the  second  group  are  the  shear  force  at  the  head  of  the  crack,  the 
flexibility  and  number  of  teeth  and  the  tooth  stresses.  In  the  analysis 
these  variables  are  important  in  altering  the  crack  height  of  a  purely 
flexural  crack  because  of  their  effect  on  the  cracking  stress  and  strain. 
The  larger  the  shear  and  tooth  stresses  become,  the  smaller  the  horizontal 
flexural  tensile  stress  can  be  if  the  principal  stress  at  the  top  of  the 
crack  is  not  to  exceed  the  tensile  strength  of  the  concrete.  The  result¬ 
ing  reduction  in  the  horizontal  tensile  stress  that  can  be  developed  has 
the  same  effect  on  the  flexural  crack  height  as  a  reduction  in  the  ultimate 
tensile  stress  and  strain  (FIGURE  6.1). 

The  direction  of  the  crack  is  controlled  by  the  relative  magni- 
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tudes  of  the  shear  stress,  the  tooth  stresses  and  the  flexural  stress.  The 
larger  these  two  secondary  stresses  become  relative  to  the  flexural  stress 
the  more  inclination  the  crack  will  have  and  the  more  rapidly  the  crack 
will  propagate. 

6.3  THE  DISTRIBUTION  OF  SHEAR  ON  THE  CROSS-SECTION 

In  this  thesis  it  is  assumed  that  the  shear  at  a  cracked  section 
will  be  carried  by  the  uncracked  concrete,  by  dowel  action  of  the  longitudinal 
reinforcing  and  by  the  shear  force  transmitted  across  the  crack  by  aggregate 
interlock  or  friction.  The  three  shear  force  components  are  plotted  in 
FIGURE  6.5  for  beam  C  tested  by  Krefeld  and  Thurston  (1962).  These  curves 
are  plotted  for  the  first  crack  away  from  the  load  point  in  this  beam 
(crack  2).  All  the  shear  is  carried  by  the  uncracked  concrete  until 
flexural  cracking. 

The  relative  magnitudes  of  the  shear  force  carried  by  the  longi¬ 
tudinal  reinforcing  is  shown  in  FIGURE  6.6.  The  values  plotted  for  the  5 
beams  show  the  general  shape  of  the  curves  and  also  present  the  upper  and 
lower  bounds  for  the  10  beams  analyzed.  In  each  case  the  curves  are  plotted 
for  crack  2,  the  first  crack  away  from  the  load  point.  The  curves  all 
have  the  same  general  shape  indicating  that  the  proportion  of  shear  force 
carried  by  dowel  action  increases  rapidly  at  the  initial  stages  of  cracking 
and  eventually  levels  off.  From  FIGURE  6.6  it  can  also  be  seen  that  ac¬ 
cording  to  this  analysis  the  longitudinal  reinforcing  carries  between  7 
and  13  per  cent  of  the  total  shear  on  the  given  section  at  loads  close  to 
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FIGURE  6.5  DISTRIBUTION  OF  TOTAL 
SHEAR  IN  BEAM  C 
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The  relative  magnitude  of  the  shear  transferred  across  crack  2 
in  the  assumed  structure  by  aggregate  interlock  or  friction  is  shown  in 
FIGURE  6.7.  These  curves  have  the  same  general  shape  as  the  curves  for 
the  doweling  shear.  The  curves  show  that  at  loads  close  to  ultimate, 
the  shear  force  transferred  by  aggregate  interlock  and  friction  can  be 
as  high  as  357,  and  as  low  as  20%  of  the  total  shear  force  on  the  section 
according  to  the  assumptions  made  in  this  analysis. 

Examining  FIGURES  5.1  and  5.6  and  6.1  to  6.5  it  can  be  seen  that 
while  the  cracks  propagate  rapidly  in  the  initial  stages  of  cracking  the 
rate  of  propagation  decreases  as  the  ultimate  load  is  reached.  Thus, 
the  rate  of  crack  propagation  varies  in  the  same  way  as  the  relative 
doweling  shear  and  aggregate  interlock  shear.  The  doweling  shear  is  a 
function  of  the  crack  height.  Similarly,  shear  transferred  by  aggregate 
interlock  is  assumed  to  be  a  function  of  the  height  of  the  crack  in  this 
analysis.  Thus  the  leveling  of  the  curves  of  the  shear  transfer  forces 
can  be  explained  in  terms  of  the  rate  of  growth  of  the  cracks. 

The  doweling  and  aggregate  interlock  shear  transfer  forces  carry 
a  considerable  portion  of  the  total  shear  at  loads  close  to  ultimate.  This 
proportion  ranges  from  27  to  47  per  cent.  The  curves  in  FIGURES  6.6  and 
6.7  show  the  relative  magnitudes  of  the  forces  only  at  the  second  crack 
in  the  computed  structure.  The  magnitudes  of  the  shear  transfer  forces 
are  a  maximum  at  this  crack  and  thus  the  47%  might  be  considered  an  upper 
bound  while  the  lower  bound  would  be  zero  where  there  is  no  crack  developed. 
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FIGURE  6 „ 7  THE  RELATIVE  MAGNITUDE  OF 
AGGREGATE  INTERLOCK  SHEAR 
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6.4  TOOTH  STRESSES 

The  flexural  stresses  due  to  bending  of  the  teeth  were  generally 
considerably  less  than  the  ultimate  tensile  strength  of  the  concrete. 
However,  high  tooth  stresses  were  calculated  in  the  few  teeth  farthest 
from  the  load.  These  high  stresses  were  the  result  of  the  relatively 
short  cracks  in  this  region.  As  a  result  the  teeth  had  a  greater  hori¬ 
zontal  stiffness  so  that  a  larger  difference,  AT  ,  in  the  flexural  tensile 
stress  could  exist  in  the  reinforcement  on  the  two  sides  of  the  tooth. 

In  addition  the  low  crack  height  led  to  low  aggregate  interlock  and  doweling 
shear  transfer  forces.  Since  the  shear  transfer  forces  tend  to  offset 
the  effect  of  the  AT  force,  the  tooth  stresses  remain  small  in  the  teeth 
closer  to  the  load  but  become  quite  large  in  the  last  few  teeth.  As  a 
result  the  last  few  cracks  tend  to  propagate  at  a  faster  rate  than  the 
cracks  closer  to  the  load.  However,  the  effect  is  damped  out  if  cracks 
form  in  the  uncracked  portion. 

6.5  VARIABLES  AFFECTING  THE  ULTIMATE  LOAD 

This  section  will  concern  itself  with  other  variables  which 
affect  the  ultimate  load  predicted  by  this  analysis. 

One  such  variable  was  the  crack  spacing.  TABLE  6.1  shows  the 
effect  that  varying  the  crack  spacing  had  on  the  predicted  failure  load 
for  beam  XOB-1.  It  can  be  seen  that  as  the  crack  spacing  was  decreased 
the  predicted  ultimate  load  was  also  decreased.  This  effect  is  partially 
due  to  the  increased  tooth  stresses  which  result  from  the  reduction  in 


the  moment  of  inertia  of  the  critical  section  of  the  tooth.  These  larger 
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tooth  stresses  result  in  a  more  rapid  propagation  of  the  cracks.  Con¬ 
versely,  the  larger  the  tooth  width,  resulting  from  larger  crack  spacing 
results  in  lower  tooth  stresses  and  an  increase  in  the  ultimate  predicted 
load.  This  increase  is  not  linear  with  the  increase  in  crack  spacing, 
however,  because  the  AT  forces  are  increased  by  the  increase  in  tooth 
stiffness  that  results  from  an  increase  in  the  width  of  the  teeth. 


TABLE  6.1 

EFFECT  OF  CRACK  SPACING  ON  THE  COMPUTED 
INCLINED  CRACKING  LOAD  FOR  BEAM  XOB-1 


Beam 

Crack  S| 

Dacing 

P  2 
w 

Predicted  Failure 
Crack 

inches 

x1 

kips 

XOB-1 

5.65 

1.5 

42.0 

5 

(Bresler  and 

7.54 

2.0 

45.0 

3 

Scordelis,  1964) 

11.31 

3.0 

45.5 

2 

1.  The  crack  spacing  is  expressed  as  X  *  C  where  C  is  the  cover 
on  the  reinforcement . 

2.  The  measured  failure  load  was  57.5  kips  with  failure  occurring 
at  the  seventh  crack  from  the  load.  The  average  crack  spacing 
was  7.19  inches. 

It  is  interesting  to  note  that  as  the  crack  spacing  was  reduced 
the  predicted  location  of  the  failure  approached  the  actual  failure  location. 

A  second  factor  which  affects  the  ultimate  predicted  load  is  the 
size  of  the  load  increment.  Ideally  this  load  increment  should  be  very 
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small  but  practical  consideration  dictated  the  size  of  the  increment.  If 
smaller  increments  had  been  used  it  is  possible  that  the  ultimate  pre¬ 
dicted  loads  shown  in  TABLE  5.2  would  have  been  smaller.  When  the  as¬ 
sumed  structure  reached  equilibrium  at  a  given  load, the  load  was  increased 
and  if  the  structure  was  not  able  to  achieve  equilibrium  under  this  in¬ 
creased  load,  the  beam  was  said  to  have  failed  under  the  new  load.  This 
is  analogous  to  testing  a  beam  with  dead  load  rather  than  using  a  reaction 
type  of  loading. 

The  greatest  problem  in  predicting  the  ultimate  load  came  in 
establishing  the  height  of  the  crack  as  the  loads  approached  ultimate. 

As  was  seen  in  FIGURE  4.10  the  moment  versus  crack  height  relationship 
levels  off  at  ultimate  or  close  to  ultimate  loads.  In  the  procedure  out¬ 
lined  in  SECTION  4.3  the  crack  height  was  incremented  to  achieve  a  balance 
between  the  applied  moment  and  the  resisting  moment .  If  the  increment  in 
load  were  too  coarse  then  an  unstable  condition  resulted  when  the  forces 
on  the  cross  section  were  balanced.  If,  in  future  investigations,  the 
stress -strain  curve  for  concrete  in  both  tension  and  compression  could  be 
expressed  as  a  continuous  function,  algebraic  expressions  could  be  written 
to  achieve  moment  and  force  equilibrium  rather  than  using  an  iterative 
procedure  and  failure  would  probably  be  predicted  at  a  slightly  higher 
load  than  is  shown  in  TABLE  5.2. 

The  accuracy  of  this  analysis  is  limited  by  the  fact  that  in 
no  case  was  the  major  diagonal  crack  predicted  by  this  analysis.  The 
crack  heights  predicted  by  this  analysis  can  never  enter  the  compression 
zone  of  the  beam  since  the  critical  element  is  always  taken  as  the 
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element  at  the  head  of  the  crack.  In  future  investigations  a  check  of  a 
number  of  sections  just  above  the  crack  height  predicted  by  this  analysis 
may  result  in  higher  crack  heights  or  in  the  formation  of  a  new,  independant 
crack,  particularly  where  the  shear  stresses  are  large  compared  to  the 
bending  moment.  Before  stresses  could  be  checked  at  the  sections  above 
the  head  of  the  crack  it  would  be  necessary  to  have  some  knowledge  of 
how  the  tooth  stresses  are  damped  out  at  levels  between  the  head  of  the 
crack  and  the  top  of  the  beam.  In  addition,  the  checking  of  additional 
sections  in  the  uncracked  portion  of  the  beam  may  result  in  principal 
tensions  which  exceed  f^  an  thus  a  diagonal  crack  may  be  predicted  before 
flexural  cracking  occurs  or  shortly  after  the  formation  of  a  flexural 
crack . 

6.6  SUMMARY 

This  chapter  has  been  an  attempt  to  explain  the  effects  of 
the  major  variables  on  the  ultimate  predicted  load.  While  each  variable 
has  been  discussed  separately,  these  variables  are  int er -dependent  in  this 
analysis  and  thus  a  very  complex  system  results. 
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CHAPTER  VII 


CONCLUSIONS  AND  RECOMMENDATIONS 

7 . 1  GENERAL  REMARKS 

The  analysis  presented  in  the  previous  chapters  is  an  attempt 
to  rationalize  the  solution  to  the  strength  of  reinforced  concrete  beams 
failing  in  shear.  This  analysis  was  based  on  the  observed  behavior  of 
reinforced  concrete  beams  before  the  formation  of  the  diagonal  crack. 

The  analysis  was  based  entirely  upon  strength  of  materials  and  made  no 
attempt  to  account  for  stress  concentrations.  For  the  beams  analyzed,  the 
analysis  did  not  predict  the  formation  of  the  critical  diagonal  crack. 

7.2  CONCLUSIONS 

From  the  results  and  the  discussion  presented  in  CHAPTERS  5  and 
6  the  following  conclusions  may  be  drawn: 

(a)  The  predicted  crack  heights  appeared  to  be  low  and  in  no  case 
did  the  analysis  predict  the  major  crack  which  caused  failure. 
However,  the  ratio  of  measured  to  predicted  ultimate  load 
ranged  from  1.09  to  1.58  with  an  average  value  of  1.25. 

(b)  According  to  this  analysis  the  magnitude  of  the  shear  transfer 
forces  and  their  contribution  to  the  shear  capacity  of  the 
section  is  considerable,  ranging  from  27%  to  47%  of  the  total 
shear  at  failure. 

(c)  The  assumed  crack  spacing  has  an  effect  on  the  failure  load 
in  that  it  affects  the  flexural  stresses  in  the  teeth  and 
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also  the  AT  forces  acting  on  the  tooth.  As  the  crack  spacing 
is  increased  the  predicted  failure  load  increases  at  a  de¬ 
creasing  rate. 

(d)  The  major  factors  which  affect  the  flexural  crack  height  are: 
the  steel  percentage,  p  ;  the  concrete  strength,  f<l  and  f£ 
and  the  steel  strain  compatibility  factor  F  .  The  tooth 
stresses  and  deflections  in  this  analysis  affect  the  crack 
height  by  effectively  reducing  the  tensile  strength  of  the 
concrete  ft:  . 

7 . 3  RECOMMENDATIONS 

The  following  recommendations  are  made  to  help  future  investigators 
attempting  a  similar  analysis: 

(a)  The  use  of  a  continuous  function  to  define  the  stress  strain 
characteristics  of  concrete  in  tension  and  compression  would 
simplify  the  analysis  of  flexural  stresses  and  help  to  ensure 
that  the  true  ultimate  conditions  were  achieved. 

(b)  The  doweling  force  carried  by  the  bar  could  be  altered  to  in¬ 
clude  the  effect  of  axial  tension  in  the  bars  although,  the 
effect  of  this  force  appeared  to  be  small.  The  effect  of  un¬ 
bonding  of  the  bar  due  to  cracking  along  the  reinforcement  is 
less  important  since  it  generally  occurs  after  the  inclined 
crack  has  formed. 

(c)  The  effective  length  of  the  bar  joining  the  teeth  in  the 
indeterminate  structure  probably  should  be  expressed  as  a 


function  of  the  level  of  stress  in  the  bar. 
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(d)  Since  the  spacing  of  the  cracks  has  an  effect  on  the  ultimate 
load,  more  attention  should  be  given  to  this  variable. 

(e)  Additional  elements  above  the  head  of  the  crack  should  be 
checked  to  see  if  the  cracks  propagate  higher  or  if  an  in¬ 
dependent  crack  is  formed  in  this  region. 

(f)  Sections  outside  the  cracked  portion  of  the  shear  span  should 
be  checked  to  see  if  a  diagonal  crack  will  form  in  this  region. 

(g)  The  magnitude  of  the  shear  carried  by  aggregate  interlock  has 
been  mentioned  by  several  investigators  but  no  experimental 
measurements  of  its  magnitude  are  available.  More  knowledge 
of  this  variable  would  be  helpful. 

(h)  Splitting  of  the  anchorage  zone  due  to  dowel  action  of  the 
reinforcement  should  also  be  checked  especially  with  regard  to 

its  effect  on  reducing  the  carrying  capacity  of  the  dowel. 
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APPENDIX  A 


FLOW  DIAGRAM  FOR  THE  COMPUTER  APPLICATION 


OF  THE  ANALYSIS 
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